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Abstract. One of three of more candidates is to be elected using a voting system that allows each voter 
to vote for a subset of candidates. Different systems allow voters to vote for different numbers of candidates, 
but in each case the candidate with the most votes is elected. Strategies are subsets of candidates, and each 
system specifies the strategies available to the voters. Dominance relations over strategies are specified for 
voter preference orders on the candidates and used to identify the set of admissible strategies for each 
combination of a voting system and a preference order. The extents to which different systems are 
strategyproof or sincere are then examined. A system is strategyproof for a preference order on the 
candidates if the associated admissible set is a singleton, and it is sincere if no admissible strategy contains a 
candidate who is less preferred than a candidate not in the strategy. Strategyproofness and sincerity partial 
orders are developed on the set of voting systems. 


1. Introduction. Traditional mathematical analyses of social choice situations in 
which one candidate is to be elected from a set of candidates on the basis of voters’ 
preferences have focused on procedures that use each voters’ entire preference order. 
Some analyses [1], [3], [5], [12] presume accurate knowledge of each voters’ pref- 
erences, or that each voter votes sincerely (i.e. reveals his true preferences), whereas 
other studies [2], [8], [9], [10], [11] allow for strategic voting. In the latter case a voter 
may reveal a preference order that differs from his true order if he believes that this 
might help to elect a candidate that he prefers to the candidate who would be elected 
if he voted sincerely. This work suggests that, when there are three or more candi- 
dates, there is no generally acceptable election procedure that always motivates voters 
to vote sincerely; moreover, even if it were possible to ensure sincere voting, there is 
no general agreement [1], [3], [6], [7] on a best method of aggregating individuals’ 
preferences to arrive at a social choice. 

In distinction to the work referenced above, the present paper investigates 
aspects of sincere and strategic voting for a class of single-ballot election procedures 
that do not ask voters to rank candidates. These procedures are similar to procedures 
that have been widely used in multicandidate elections, they are easy to implement, 
and they are comparatively easy for voters to understand and respond to. 

It will be assumed that the set X of candidates is finite with m = |X|. Each voting 
procedure or system considered here will be identified as a nonempty subset s of 
{1,2,:::,m-—1}. If system s is used then each voter must vote for exactly k candi- 
dates for some k €s if his ballot is to be counted. Voters do not rank the candidates 
they vote for. If AG X then a voter uses strategy A if he votes for precisely those 
candidates in A. The outcome of a vote is the subset of X whose members receive the 
largest number of votes. If the outcome contains exactly one candidate then that 
candidate is elected. If the outcome contains more than one candidate then a tie- 
breaking procedure must be used to determine the final winner. Because of assump- 
tions made later, it will not be necessary to adopt a specific tie-breaking procedure in 
the present study. Abstention (vote for none) will be allowed and, since a vote for 
every candidate is tantamount to an abstention, m is excluded from every s. It will be 
assumed that each voter has a preference order over the candidates. These orders will 
be used to define notions of dominant and admissible strategies for the voters. 
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The general purpose of the paper is to analyze different systems in terms of the 
strategies they offer the voters. Some of its basic results have already been established 
in Brams and Fishburn [4] where it is argued that the approval voting system s = 
{1,2,--:,m-—1} is better than other systems in several important respects. These 
prior results will serve as a point of departure for the present analysis. 

The analysis begins with voter preferences and dominant strategies. One strategy 
dominates another if the voter has nothing to gain and possible something to lose by 
adopting the latter rather than the former strategy. The dominance relation between 
strategies is shown to be a strict partial order, and it is proved that one dominance 
relation is included in another if and only if the preference order on which the second 
dominance relation is based is included in the preference order on which the first 
dominance relation is based. 

Admissible strategies are considered next. An admissible strategy for system s 
and a preference order on the candidates is a strategy that is allowed by s and is 
dominated by no other strategy that is allowed by s. If one preference order is 
included in another then, for each s, the set of admissible strategies for the first order 
is included in the set of admissible strategies for the second order. 

Admissibility is then used to examine the degrees to which different systems are 
strategyproof or sincere. System s is strategyproof for a preference order if the 
associated set of admissible strategies contains exactly one strategy, and it is sincere if 
no admissible strategy contains a candidate who is less preferred than a candidate not 
in the strategy. One system is shown to be “more strategyproof”’ than another if it 
properly includes the second system, and a slightly more complex relationship is 
shown to correspond to a “more sincere”’ ordering on the systems. 


2. Voter preference and dominant strategies. A concerned preference order P on 
X is an asymmetric, negatively transitive (xP2>xPy or yPz) and nonempty binary 
relation on X. The set of all concerned preference orders on X is denoted as ¥Y. For 
each Pe the high topology #(P) for P and its complementary low topology £(P) are 
defined by 


H(P)={ACX: Wx eX, yPx andxeADS>yeA} 
L(P)={ACX:WVxeX,xPy andxecAD>yeA}. 


These topologies, along with the most-preferred subset H(P) and the least-preferred 
subset L(P), defined by H(P)={x ¢ X: yPx for no y eX} and L(P)={x € X: xPy for 
no y€ X), occupy a central position in our analysis. 

Let R be the preference-indifference order on X defined from the concerned 
preference order P by xRy iff not (yPx). Because outcomes of votes can contain 
several candidates, we extend P and R from X to the nonempty subsets of X to deal 
with voter preferences between outcomes. With P* and R* the extended relations on 
2*\{@}, so that {x}P*{y} iff xPy, and {x}R*{y} if xRy, we shall assume throughout the 
paper that P* is asymmetric, that xPy>{x}P*{x, y} and {x, y}P*{y}, and that, 
whenever A, B and C are subsets of X such that AUB #@+# BUC and such that 
xRy, yRz and xRz for all xe A, ye B and zeEC, then (AUB)R*(BUC). These 
assumptions, which are discussed in greater detail in [4] and which seem most 
reasonable when ties are resolved by random selection, do not in general imply that 
either P* or R* is transitive. 

To avoid notational confusion between outcomes and strategies, the latter will be 
designated by S and T. A strategy is any subset of X, and a voter uses strategy S if he 
votes for all candidates in S and none in X\S. Informally, strategy S$ dominates 
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strategy T if the voter can never get a better outcome by using T instead of S and will 
secure a more preferred outcome by using S instead of T in at least one circumstance. 
To make this precise let F be the set of all f: X >{0,1,2,---}, let S(x)=1if x eS and 
S(x)=0 otherwise for all x eX and SX, and let 


O(S, fy={x eX: f(x)+S(x)2f(y)+S(y) for all y eX}. 


We can think of O(S, f) as the outcome that obtains when our focal voter uses strategy 
S and the votes of all other voters are summarized by f. 

DEFINITION 1. For all Pe Y and all S, T <.X, S dominates T for P, or S D(P) T 
for short, iff O(S, f)R* O(T, f) for all fe F, and O(S, f)P* O(T, f) for some fe F. 

Since this says nothing about the voter’s beliefs about how others may in fact 
vote, it is a very general conception of dominance. The following theorem, proved in 
[4] under the assumptions noted above for R* and P*, shows that the dominance 
relation D(P) on 2* is completely specified through the high and low topologies for P 
on xX. 

THEOREM 1. For all Pe P and all S, T «2, 


S D(P) TiffS 4 T, S\T ¢ #(P)\{X} and T\S ¢ L(P)\{X}. 


It is easily verified from this theorem that H(P) D(P) X\H(P), X\L(P) D(P) L(P), 
H(P) D(P) L(P), strategy S is dominated by no other strategy iff H(P)<S and 
SOL(P)=@, and T D(P) S for some T for which |T|=|S| iff H(P)ZS and SN 
L(P)# ©. In addition, we shall now prove that the dominance relations are strict 
partial orders that are partially ordered by inclusion in converse to the inclusion 
relation on Y. In other words, as the relations in PA become richer, the dominance 
orders become sparser. 

THEOREM 2. For all Pe Y, D(P) is asymmetric and transitive; for all P, Qe FP, 
D(P)EcD(Q)iff OCP. 

Proof. Asymmetry of D(P) is obvious from Theorem 1. To prove that D(P) is 
transitive suppose that S D(P) T and T D(P) W. It is not hard to see that 


S\W=[(S\T)UT\W)MC\S)U (WT) 
W\S =[(T\S)U(W\T)\[GS\T) U (T\W)]. 


Now it follows from Theorem 1 and the fact that H(P) and L(P) are topologies that 
(S\T)U(T\W) is high for P and that (T\S)U(W\T) is low for P. Moreover, since 
S\W equals the intersection of two high subsets, namely (S\T)U(T\W) and 
X\[(T\S)U(W\T)], S\W e #(P). For a similar reason, W\Se £(P). Asymmetry of 
D(P) implies that S 4 W. Finally, to verify that S D(P) W, we need to show that 
S\W 4X and W\S # X. Suppose to the contrary of S\W #X that S = X and W= ©. 
Then TD(P) WS Ti is high, S D(P) T> X\T is high, and therefore Te {@, X}. But 
since T#X by S D(P) T, and since T # © by T D(P) W, we obtain a contradiction. 
Hence S\W #.X. Similarly, W\S 4X. 
To prove the latter part of Theorem 2 we show that 


(1) D(P)¢ D(Q) iff H(P)<E #H(Q) 
and then that 
(2) H(P)S H(Q) iff OCP. 


It follows immediately from Theorem 1 and the fact that #(P)< #(Q) iff L(P)S 
L(Q) that S D(P) T and #H(P)c H(Q) imply S D(Q) T. Hence #(P)c #(Q)> 
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D(P)<¢ D(Q). To prove the converse suppose D(P)¢ D(Q). For every A # X that is 
high for P there is a B # X that is low for P and is disjoint from A (e.g., B= X\A if 
A # ©)so that A D(P) B in each case by Theorem 1. But then A D(Q) B in each 
case so that, again by Theorem 1, A must be in #(Q)\{X}. It follows that D(P)¢ 
D(Q)DS #H(P)c #H(Q). 

To verify (2) suppose first that #(P)Z #H(Q), and take Ac H(P)\H(Q).Then 
there are x¢ A and yeA such that xQy and not (xPy) so that Q¢ P. Conversely, 
suppose Q¢ P, and take (x, y)_¢ Q\P. Let A={y}U{z: zPy}. Then Ac H#(P), but 
A€g #(Q) since x¢ A, ye A and xQy, and therefore H(P)Z H(Q). Q.E.D. 


3. Admissible and sincere strategies. An admissible strategy is a feasible strategy 
that is not dominated by any other feasible strategy. Since it is reasonable to expect 
that voters who do not abstain will use admissible strategies, we shall concentrate on 
these in the remainder of the paper. 

DEFINITION 2. Strategy SCX is admissible for system s<{1,---,m-—1} and 
preference order Pe F iff |S}esU{0} and there is no T<&X such that |T|es U {0} 
and T D(P)S. 

We shall let M(s, P) denote the set of all strategies that are admissible for s and P. 
Since it follows easily from Theorem 1 that abstention is never admissible for con- 
cerned P, and since D(P) is a strict partial order, we have 


(3) M(s, P)={S<X:|S|es and T D(P) S for no T¢ X with |T|€ s}. 


The second part of Theorem 2 then implies that M(s, P)< M(s, Q) when P, QE 
and P< Q, so that as the relations in Y become richer their admissible sets do not get 
smaller. The converse assertion, that M(s, P)<¢ M(s, Q)>P CQ, is generally false as 
simple examples show. 

The explicit use of D(P) in (3) can be removed by using Theorem 1. The 
following theorem, proved in [4], characterizes M(s, P) directly in terms of high and 
low subsets of X. 

THEOREM 3. For each Pe P and S< X, Se M(s, P) iff |S|es and either 

Cl. H(P)<¢ Sand ABCS such that Be £(P)\{@} and |S\B\es; or 

C2. L(P)NS = @ and AAC X\S such that Ac H(P)\{O} and |SUA|eEs. 

Given that P is concerned, Theorem 3 implies that {x} is admissible for the simple 
plurality system s = {1} iff x e X\L(P), and that S is admissible for the approval voting 
system iff H(P)<¢S and L(P)MS = ©. Admissibility structures for other systems tend 
to be more complex. However, once we know M(s, P) for all s for which |s|¢ {1, 2}, it 
is easy to “‘specify’’ M(s, P) for all s. In particular, it follows readily from (3) that 


|s|=35>M(s, P)= U a Mii. j}.P)| 


ies L jes\{i 


since, for any i¢s, an S with |$|=7 will be in M(s, P) if and only if it is in M({i, j}, P) 
for every / ¥i in s. In addition, Theorem 3 shows that 


(4) M({i}, P)={S cX: |$|=i, and H(P)¢CS or L(P)NS = @}, 
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M (i, 7}, P)={S < X: |S|=i, and H(P)¢S or else [L(P)NS = @ 
and ZA c X\S with |A|=j—i and Ac #(P)]} 
U{Sc X: |S|=), and L(P)N S = © orelse [H(P)<cS 
and AB cS with |B|=j—i and Be L(P)}}, 


(5) 


fori<j. 

Although voting systems can be compared on the basis of the numbers of 
strategies in their admissible sets for various P, size alone is a somewhat ambiguous 
criterion and we shall therefore look at more refined criteria in the rest of the paper. 
In particular, we shall compare systems on the basis of strategyproofness and sincerity. 

Voting system s will be said to be strategyproof for P< F if and only if |M(s, P)|= 
1, and sincere for P iff M(s, P)< #H(P). Thus if s is sincere for P then every admissible 
strategy for (s, P) is high for P, which indicates that a voter need never consider voting 
for candidate x unless he also votes for every candidate that he prefers to x; and if s is 
strategyproof for P then the voter has a unique admissible strategy. Since M(s, P)= 
{H(P)} when |M(s, P)| = 1 (cf. Theorem 6), s is sincere for P if it is strategyproof for P. 
Since the vote processing system receives ‘‘accurate”’ information on voters’ pref- 
erences under sincere voting, but not otherwise, sincerity is an important factor in the 
evaluation of different voting systems. 

The potentials of different systems for strategyproofness and sincerity can be 
compared in part on the basis of asymmetric relations >) and >, defined on the 
nonempty subsets s,¢¢{1,:--,m-—1} as follows: 
s>ot iff (WPeE#)(t is strategyproof for PSs is strategyproof for P) and (APe A) 

(s but not ¢ is strategyproof for P); 
s>,t iff (VPeé) (tis sincere for P>s.is sincere for P) and (APe€ P) (s but not ¢ is 
sincere for P). 
For use with >, we define an auxiliary binary relation =; on the nonempty subsets of 
{1,--:,m—1}by 
soit iff {iZi+1scorS{ii+1}cs fori=1,---,m-—z2, 
and {1,m—1}<ct>{1,m—-1}cs. 
The following theorems show that each of >o and >; is a strict partial order on the 
nonempty subsets of {1,---,m-—1}. The rest of this section will center around the 
proofs of these theorems and additional discussion of sincerity. 

THEOREM 4. s>otifftcs. 

THEOREM 5. 5s > tiffs =,t and not (t=15). 

Thus s is more strategyproof than ¢ in terms of >o if and only if s offers the voter 
more options than ¢, with the approval voting system s={1,-:-,m-—1} the most 
strategyproof in terms of >o. In addition, the approval voting system is also the most 
sincere system in terms of >,. If tc s then we cannot have t> 15, but in this case it 
need not be true that s >,¢ since s >,¢ is false when m =5, t={1} and s = (1, 3}. 

The proof of Theorem 4 is based on the following result, whose proof follows 
from Theorems 2 and 4 in [4]. 

In this and the next theorem C(P) is the number of indifference classes in X 
based on P. That is, with xJy iff neither xPy nor yPx, C(P)=|X/I]. 

THEOREM 6. If C(P)23 then no s is strategyproof for P. If C(P)=2 then s is 
strategyproof for P iff |H(P)|€s, and in this case M(s, P)={H(P)\. 

Proof of Theorem 4. If ts and ¢ is strategyproof for P then C(P)=2 and 
|H(P)|<t, so that s too must be strategyproof for P. If tcs, take C(P)=2 with 
|H(P)|€s\t so that s but not ¢ is strategyproof for P. Hence tc 5 => 5s >ot. Conversely, 
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if s >o¢ then s #¢ and we must have tc s for otherwise t\s # © and, as just indicated, 
there would then be a P such that ¢ but not s is strategyproof for P. Q.E.D. 

Theorem 5 will be based on the following theorem, whose specificity for C(P) = 3 
significantly extends a related result for sincerity in [4]. The first sentence of Theorem 
7 is proved in [4]; the C(P)=3 part of the theorem is proved below. 

THEOREM 7. If C(P)=2 then every s is sincere for P, and if C(P)=4 then no s is 
sincere for P. If C(P)=3 and |H(P)|=|L(P)|=1 then s is sincere for P iff {1, m—1}¢s; 
if C(P)=3 and |H(P)|>1 or |L(P)|>1 then s is sincere for P iff {\H(P)|, |H(P)|+ 
1,--:,m—|L(P)}cs. 

Proof. Assume that C(P)=3 and let |H(P)|=m, and |X\L(P)|=m, with 1S 
m,<m2=m-—1. For each nonempty s <{1,---,m-—1} let 


s ={ies:i<my)}, s'={ies:i>my}}. 


If s =@ then Cl of Theorem 3 shows that every S for which |S|=mins and 
H(P)¢S is admissible, and since at least one of these S is not high for P, s is not 
sincere for P if s = @. Similarly, if s” = @ then C2 of Theorem 3 yields an admissible 
S for which |S|= max s and S is not in #(P), so that s is not sincere for P if s° = @. 

Assume henceforth that s #@ and s°#@ since these are necessary for 
sincerity. If m,:¢s let S have |S|=mins’ with H(P)<S and S¢H(P); then Se 
M(s, P) by Cl. If m2¢s let S have |S|=maxs with L(P)N S = @ and S¢ #H(P); then 
SéM(s, P) by C2. Therefore sincerity requires {m, m2}Cs. 

Suppose now that |H(P)| =|L(P)|=1, i.e. m;=1 and m.=m-—1. If {1,m—l1}¢s 
then T is dominated by $= X\L(P) if H(P)1 T=, and T is dominated by S = 
H(P) if L(P)<T, by Theorem 1. Hence T is undominated by an S with |S|< 
{1, m—1} only when H(P)¢T and L(P)M T = © so that all undominated strategies 
are in H(P) when {1, m—1}¢s. Thus, in this case, s is sincere for P iff {1, m—1}¢s. 

Suppose henceforth that |H(P)|>1 or |L(P)|>1, i.e. m;>1 or mo<m-—1, with 
{m,, m2} s. In view of the final part of Theorem 7, suppose m;<m3< mand m3¢5s. 
If m, > 1, let m3 be the smallest integer that exceeds m, and is not in s, and construct S$ 
with |S|=m3—1 such that |S H(P)|=m,—-1 and SM L(P)= ©. Then S¢é #(P) but 
Se M(s, P) by C2 since the only nonempty high A that is disjoint from S has |A|= 1 
and |S UA|=m3¢s. Similarly, if mz<m—1, let m3 be the largest integer less than m> 
that is not in s, and construct S with |S| = m3+1 such that H(P)c S and |L(P)N S|=1. 
Then S¢X#(P) but Se M(s, P) by Cl. Therefore the present case requires that 
{m1,m,+1,::°+, m2} bea subset of s for s to be sincere for P. 

Finally, with {m,,m,+1,:::,m2}Ss, suppose T¢HX(P). Let S= 
H(P)U{TO[X\(A(P)UL(P))]}. Then |S|es, S ¢ #(P), and S D(P) T by Theorem 1. 
Therefore all undominated strategies are in #(P) when |H(P)|>1 or |L(P)|>1 and 
{m,,m,+1,:°--+,m2}<s, so that s is sincere for P in this case. QO.E.D. 

Proof. Assume that C(P)=3 and let |H(P)|=m, and |X\L(P)|=m, with 1S 
the Pe for which C(P)=3. Suppose first that s=,¢t. If t is sincere for P with 
C(P)=3 then Theorem 7 says that s is sincere for P. If, in addition, not (t=, 5s), then 
either {i,i+1}Cs and {i,i+1}<Zt for some ie {1,--+,m—2}~in which case s but not 
t is sincere for P when C(P)= 3, |H (P)| =i and m —|L(P)| =i+1—or else {1, m—1}¢ 
s and {1,m-—1}<Zt, in which case s but not ¢ is sincere for P when C(P)=3 and 
|H(P)| =|L(P)| = 1. 

Conversely, suppose not [s 2,¢ and not (t= ,5s)]. Then either not (s =; tf)}—which 
by the preceding analysis shows not (s >,t)}—or else t=15, which again shows that 
s>,t must be false. Q.E.D. 
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Theorem 5 does not present a complete picture of which systems are more sincere 
than others since it says nothing about degrees of sincerity when C(P)24. Suppose, 
for example, that n = C(P)24 and that m,, m2,:--,m, are the cardinalities of the 
indifference classes from most preferred (m,) to least preferred (m,) with m= 
m,+::-+m,. Let r(s, P) be the number of sincere admissible strategies for (s, P) 
divided by the number of admissible strategies for (s, P). Then 


r({1}, P) = mi /(m— mn), 


rls, m—1},P)={"S 2 = (2 —3)} /amrtmen, 


and it follows that some P have r({1}, P)>r({1,---,m-—1}, P). For example, if n = 4 
and m2=m3=1 then r({1}, P)=m,/(m,+2) and r({1,---,m—1}, P)=3/4 so that 
r({1}, P)>r({1,--+,m-—1}, P) whenever m,>6. Hence for certain preference orders 


the simple plurality system has a higher ratio of admissible strategies that are sincere 
than does the approval voting system. 

There are, however, two reasons for not placing too much weight on this obser- 
vation. First, when m >3, it might be argued that many voters will tend to sort the 
candidates into no more than three indifference classes. Second, most large elections 
in which more than two candidates compete for a single office have m =5, and when 
m 5 it can be shown that r({1,---,m-—1}, P)2r(s, P) for every Pe and every 
nonempty s <{1,:--,m-—1}. All P with C(P)S3 are covered by Theorems 5 and 7. 
When m =4, the only P with C(P)>3 are linear orders and in this case the sincerity 
ratios are 


r(f{1jy=3 sr A, 23) $3 
rd2j=4 rr ({1, 3) =3 
r{3}=3 =r (2,3) =3 —r ({1, 2, 3) =a. 


The order of these systems by decreasing magnitude of r is congruent with >, from 
Theorem 5 for m =4. The computations for m=5 and C(P)24 will not be given 
here, but they show that no other system ever has a higher r value than the approval 
voting system. This value is > for a linear order when m = 5, and it is in {e 3} when 
m =5 and C(P)=4. Hence it seems safe to say that the approval voting system is the 
uniformly most sincere system whenever m SS. 


Acknowledgment. The author is indebted to a referee for the ideas behind the 
present proof of Theorem 7. 
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